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ON SKOROHOD SPACES AS UNIVERSAL SAMPLE PATH
SPACES
OLIVER DELZEITH
Abstrat. The paper presents a fatorization theorem for a ertain lass of
stohasti proesses. Skorohod spaes arry the rih struture of standard
Borel spaes and appear to be suitable universal sample path spaes. We show
that, if ξ is a RCLL stohasti proess with values in a omplete separable
metri spae E, any other RCLL stohasti proess X adapted to the ltration
indued by ξ fators through the Skorohod spae DE [0,∞). This an be
understood as an extension of a stohasti proess to a standard Borel spae
enjoying nie properties. Moreover, the trajetories of the fatorized stohasti
proess dened on DE [0,∞) inherit the properties of being ontinuous, non-
dereasing, and of bounded variation, resp., from those of X.
Considering situations whih are invariant under the fatorization proe-
dure, the main theorem is a redution tool to assume the underlying measur-
able spae be a standard Borel spae. In an example, we pik the existene
theorem of regular onditional probabilities on standard Borel spaes to sim-
plify a onditional expetation appearing in stohasti ontrol problems.
1. Introdution
We present a fatorization theorem for stohasti proesses applying the theory of
standard Borel spaes on Skorohod spaes.
Let E be a omplete separable metri spae E. The Skorohod spae DE [0,∞)
is dened to be the set of all right ontinuous paths x : [0,∞) → E having limits
on the left (RCLL). DE [0,∞) is a metrizable spae inheriting the property to be a
omplete separable spae from E [EK86, Thm. 3.5.6, Prop. 3.7.1℄. Thus, DE [0,∞)
fullls the dening properties of a standard Borel spae (f. def. 2.5). The Wiener
spae CE [0,∞), onsisting of ontinuous paths on [0,∞) in E, with the metri of
uniform onvergene is ontained in DE [0,∞) as a losed metri subspae, suh
that the notion of the Skorohod spae generalizes that of the Wiener spae. Just
as the Wiener spae is the basis of the stohasti alulus of It diusions and
the Brownian motion (f., e.g., [KS97℄, [Øks00℄, [IW89℄, [YZ99℄), the present paper
shows that the Skorohod spae is a suitable andidate to serve as the fundamen-
tal sample path spae for models in nanial mathematis and atuarial sienes.
Sine stohasti RCLL proesses enjoy appropriate properties to model both payout
streams of nanial instruments and the environmental information (e.g., of apital
markets and biometri developments in life insurane), they have beome of more
importane in reent years. The reader is referred to [Nor90℄, [Nor01℄, [Nor03℄,
[Ste01℄ and [MH99℄. The seleted referenes are not meant to be an exhaustive list.
2000 Mathematis Subjet Classiation. 60G07 (primary) 60A10 (seondary).
Key words and phrases. Standard Borel spae, Skorohod spae; projetive limit of measurable
spaes, universal property; ltrated Borel spaes, Doob-Dynkin extension lemma, fatorization
theorem; regular onditional probability.
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The paper presents the Skorohod spae DE [0,∞) with its struture of a om-
plete separable metri spae as a universal sample path spae. It will be shown
that the measurable spae (DE [0,∞),B(DE[0,∞))) arries a natural ltration
F
(E) = {F
(E)
t }t≥0 together with a universal stohasti proess ξ
∗
with values in
the omplete separable metri spae [0,∞) × DE [0,∞) (f. prop. 4.7). If we in-
terpret the ltration as information getting more preise in the ourse of time t,
then the σalgebra F
(E)
t arries the information to exatly know the development
of the path x ∈ DE [0,∞) up to time t. The universal harater of the ltrated
measurable spae
(DE [0,∞),B(DE[0,∞)),F
(E))
is reeted in the situation of the fatorization theorem 4.9 whih works as follows:
The environmental development of the mathematial model is driven by a sto-
hasti proess ξ : [0,∞)×Ω→ E on a measurable spae (Ω,F) with RCLL sample
paths in a omplete separable metri spae E. It indues the natural map
ξ˜ : Ω→ DE [0,∞) , ω 7→ ξ(., ω) .
The ltration {Fξt }t≥0 on (Ω,F) indued by ξ is reovered by F
(E)
aording to
the relation
Fξt = ξ˜
−1(F
(E)
t ) ,
for any t ≥ 0. Any other observable of the model is represented by an {Fξt }t≥0
adapted stohasti proess X : [0,∞)× Ω→ E′ with RCLL sample paths in some
separable metri spae E′. Note that, beause of the assumption on the sample
paths, the notions of adaptedness and progressive measurability with respet to
the ltration {Fξt } oinide [KS97, Prop. 1.1.13℄. Now, the main result of this
paper states that X fators through the universal sample path spae DE [0,∞) via
the universal map ξ˜; more preisely, the fatorization theorem provides an F(E)
adapted stohasti proess X∗ : [0,∞)×DE [0,∞)→ E
′
suh that
X(t, ω) = X∗(t, ξ˜(ω)) , (1.1)
for all (t, ω) ∈ [0,∞)× Ω (f. the ommutative diagram (1.2)).
[0,∞)× Ω
[0,∞)×DE [0,∞) E′
◗
◗
◗
◗
◗◗s
X
❄
id[0,∞)×ξ˜
♣ ♣ ♣ ♣ ♣ ♣ ♣✲∃X
∗
(1.2)
Rewriting (1.1) as
Xt = X
∗
t ◦ ξ˜ ,
for all t ≥ 0, shows that the stohasti proess {Xt}t≥0 is extendable to the Sko-
rohod spae DE [0,∞) via the universal map ξ˜, basially. We emphasize that the
extension to DE [0,∞) is not unique, in general, while we an always extend to the
same spae DE [0,∞), irrespetive of the stohasti proess ξ.
Moreover, it will be shown for speial funtion lasses C that, if the sample paths
of X belong to C, then the sample paths of the extension X∗ an be assumed to be
in lass C, too. If C denotes the lass of ontinuous maps, then the result is already
known [YZ99, Thm. 1.2.10℄. We present a proof for the lasses C of ontinuous
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funtions, non-dereasing funtions and funtions of bounded variation, resp. (f.
or. 4.16).
The result of the fatorization theorem an easily be veried if E is a ountable
disrete spae. The present paper points out that the assertion still holds if the
model states live in, e.g., a separable Banah spae or a dierentiable manifold.
In an appliation, we show how the fatorization theorem is the starting point
of a proof tehnique reduing to the ase that the underlying measurable spae is
a standard Borel spae. After this redution step is performed, the rih topologial
struture of standard Borel spaes implies nie properties reeted in the measur-
able struture, e.g. the existene of regular onditional probabilities with respet
to a given subσalgebra. The given example appears in the analysis of optimal
stohasti ontrol problems.
The paper is organized as follows. In setion 2, we gather preliminary results on
topologial spaes and we reall and derive some properties of standard Borel spaes.
In setion 3, the notion of ltrated Borel spaes is introdued, and we generalize the
Doob-Dynkin lemma to ltrated Borel spaes. In setion 4, we introdue a natural
ltration F
(E) = {F
(E)
t }t≥0 on the Skorohod spae DE [0,∞). In the σalgebra
F
(E)
t , the information is oded to know the ourse of the mappings in DE[0,∞) up
to time t. F
(E)
t emerges as the generi prototype of the ltration {F
ξ
t }t≥0 indued
by any stohasti RCLL proess ξ with values in E (prop. 4.3). The proof of
the main result of this paper uses the well known Doob-Dynkin extension lemma
and its generalization to ltrated Borel spaes developed in setion 3. In setion
5, we show how to use the fatorization theorem to redue to the ase that the
underlying measurable spae is a standard Borel spae. The existene theorem of
regular onditional probabilities on standard Borel spaes yields the simpliation
of a onditional expetation whih reminds of the strong Markov property of It
diusions (f., e.g., [Øks00, Thm. 7.1.2℄).
1.1. Notation. We x the following notational onventions used throughout this
artile. For a topologial spae E, the Borel algebra B(E) is the smallest σalgebra
ontaining the open sets of E. A measurable map between two measurable spaes
is alled a Borel isomorphism i it is bijetive and its inverse is measurable. If
f : Ω → Ω′ is a map from a set Ω to a measurable spae (Ω′,F ′), then σ(f)
denotes the smallest σalgebra on Ω suh that f is σ(f)/F ′measurable. For a
map X : [0,∞) × Ω → Ω′, FXt is the σalgebra on Ω generated by σ(Xs), s ≤ t.
If (Ω,F , {Ft}t≥0) is a ltrated measurable spae, i.e. (Ω,F) is a measurable spae
together with a family of subσalgebras Ft of F with Fs ⊆ Ft, s < t, then a
stohasti proessX : [0,∞)×Ω→ E with values in a metri spaeE is alled {Ft}
adapted resp. {Ft}progressively measurable i, for every t ≥ 0, Xt is Ft/B(E)
measurable resp. the indued map [0, t]×Ω→ E is B([0, t])⊗Ft/B(E)measurable.
For a measurable map f : (Ω,F) → (Ω′,F ′), the push forward measure f∗P on
(Ω′,F ′) of a measure P on (Ω,F) is dened by P ◦ f−1. A map x from [0,∞) to
a metri spae E is alled RCLL i x is right ontinuous and has left limits. For a
set A, the identity map on A is denoted by idA and the indiator funtion of A by
1A. The notions of trajetories and sample paths of a stohasti proess are used
interhangeably.
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2. Preliminaries
In this setion we present results whih are applied in the sequel.
2.1. Results on topologial spaes.
Lemma 2.1. Let E be a topologial Hausdor spae equipped with the Borel algebra
B(E) and f : E → E a measurable map with f ◦ f = f . Then the set of xpoints
of f
Fix(f)
def.
= {e ∈ E | f(e) = e}
is measurable.
Proof. Sine E is Hausdor, the diagonal ∆E = {(e, e) ∈ E
2| e ∈ E} is a losed,
hene a measurable, subset of E 2. The equation Fix(f) = (f, idE)
−1(∆E) together
with the measurable map (f, idE) : E → E
2
yields the laim. 
Lemma 2.2. Let (Ωi,Fi), i = 1, 2, be measurable spaes, E a topologial Hausdor
spae and fi : Ωi → E, i = 1, 2, measurable maps. Then
Ω1 ×E Ω2 = {(ω1, ω2) ∈ Ω1 × Ω2| f1(ω1) = f2(ω2)} (2.1)
is a measurable subset of Ω1 × Ω2.
Proof. Sine E is Hausdor, the diagonal ∆E = {(e, e) ∈ E
2| e ∈ E} is a losed,
hene Borel measurable, subset of E 2. The map f1 × f2 : Ω1 × Ω2 → E
2
is
measurable. Then the equation Ω1 ×E Ω2 = (f1 × f2)
−1(∆E) yields the laim. 
Lemma 2.3. Let E be a topologial spae, equipped with the Borel algebra B(E),
and A a non-void subset of E equipped with the relative topology of E. Dene the
σalgebra F (A) = σ(B(A)) on E. Then:
(i) The Borel algebra B(A) of A, equipped with the relative topology of E,
oinides with the traeσalgebra of B(E) on A:
B(A) = A ∩ B(E)
def.
= {A ∩B|B ∈ B(E)} .
(ii) If (Ω,F) is a measurable spae and f : Ω → E a map with f(Ω) ⊂ A,
then f is F/B(E)measurable i the indued map f˜ : Ω→ A is F/B(A)
measurable i f is F/F (A)measurable.
(iii) The inlusion iA : (A,B(A)) →֒ (E,F
(A)) is measurable.
Remark 2.4. Note that B(A) is a σalgebra on E i A = E.
2.2. Standard Borel spaes. We reall the denition of a standard Borel spae.
[Par67℄ represents a general aount on this topi providing the properties of stan-
dard Borel spaes we will apply in this paper.
Denition 2.5. A measurable spae (Ω,F) is alled standard Borel spae i (Ω,F)
is Borel isomorphi to a omplete separable metri spae (E,B(E)).
Lemma 2.6. Let E be a standard Borel spae and A a measurable subset of E.
Then the topologial subspae A of E is a standard Borel spae.
Proof. [Par67, Thm V.2.2℄. 
Lemma 2.7. Let {Et}t≥0 be a family of standard Borel spaes with a family of
surjetive measurable maps {θst : Et → Es}0≤s<t with θt1t3 = θt2t3 ◦ θt1t2 for
0 ≤ t1 < t2 < t3. Then the projetive limit lim
←
Et of ({Et}t≥0, {θst}s<t) exists in
the ategory of measurable spaes (together with measurable maps as morphisms).
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Proof. If we restrit the index set to N, the projetive limit lim
←
En exists in the
ategory of measurable spaes [Par67, Thm. V.2.5℄, whih we denote by E′. Then
it is easy to show that E′ fullls the universal property of lim
←
Et whih ompletes
the proof. 
3. Filtrated Borel spaes
3.1. Denition of ltrated Borel spaes.
Denition 3.1. A triple (E,F , {θt}t≥0) is said to be a ltrated Borel spae i
(E,F) is a standard Borel spae and {θt : E → E}t≥0 is a family of measurable
maps satisfying the ondition
θt ◦ θs = θs∧t , s, t ≥ 0 . (3.1)
An example of ltrated Borel spaes is given by (R,B(R)) with θt(s) = s ∧ t
(t ≥ 0). This paper strives for an analysis of Skorohod spaes as ltrated Borel
spaes. We ome bak to this problem in setion 4.
Let (E,F , {θt}t≥0) be a ltrated Borel spae. The xpoint set
Et = Fix(θt) = {e ∈ E| θt(e) = e} , t ≥ 0
is measurable in E (lemma 2.1). We equip Et with the relative topology of E, suh
that it beomes a standard Borel spae (lemma 2.6). The family {θt}t≥0 indues
surjetive measurable maps θ˜t : E → Et, t ≥ 0, with θ˜s = θst ◦ θ˜t, s < t, where the
measurable maps θst : Et → Es, s < t, indued by θ˜s are surjetive (lemma 2.3).
Using {θt}t≥0, we dene a family F
(E) = {F
(E)
t }t≥0 of σsubalgebras of F by
F
(E)
t = F
(Et) = σ(B(Et)) , t ≥ 0
(f. lemma 2.3.iii). We emphasize that B(Et) is not a σalgebra on E, unless
Et = E whih is equivalent to θt = idE . Sine (3.1) implies that Es is a subset
of Et, for s < t, we have B(Es) = Es ∩ B(Et) and, onsequently, F
(E)
s ⊆ F
(E)
t .
So F
(E)
is a ltration on E. This fat motivates the notion xed in denition 3.1.
The projetive limit lim
←
Et of ({Et}t≥0, {θst}s<t) exists (lemma 2.7), and there is
a unique measurable map θE : E → lim
←
Et suh that the following diagram is
ommutative, for any s < t:
E
lim
←
Et Et Es
♣
♣
♣
♣
♣
♣
♣
♣
♣❄
θE
❅
❅
❅
❅❘
θ˜t
❍❍❍❍❍❍❍❍❍❥
θ˜s
✲ ✲
θst
Denition 3.2. A ltrated Borel spae (E,F , {θt}t≥0) is said to be omplete i
the natural measurable map θE is bijetive.
If a ltrated Borel spae (E,F , {θt}t≥0) is omplete, θE is a Borel isomorphism,
by Kuratowski's theorem [Par67, Cor. I.3.3℄. Note that, in general, the inlusion
∪t≥0Et ⊆ E is strit, even if (E,F , {θt}t≥0) is supposed to be omplete.
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3.2. The Doob-Dynkin lemma on ltrated Borel spaes.
Lemma 3.3 (Doob-Dynkin: version I). Let (Ω,F), (Ω′,F ′) be measurable spaes
and E a standard Borel spae. Given any measurable maps f : Ω → Ω′ and
g : Ω → E, there exists a measurable map h : Ω′ → E with h ◦ f = g i the
following ondition is satised:
σ(g) ⊆ σ(f) .
Proof. [YZ99, Thm. 1.1.7℄. 
Lemma 3.4 (Doob-Dynkin: version II). Let (Ω,F) be a measurable spae and
E, Ei, i = 1, 2, standard Borel spaes. Given measurable maps fi : Ω → Ei and
gi : Ei → E, i = 1, 2, with g1 ◦ f1 = g2 ◦ f2, there exists a measurable map
h : E1 → E2 with h ◦ f1 = f2 and g2 ◦ h = g1 i the following ondition is satised:
σ(f2) ⊆ σ(f1) . (3.2)
Remark 3.5. We depit the situation of lemma 3.4 in diagram (3.3) whih an be
ompleted by an arrow h representing a measurable map suh that the resulting
triangles beome ommutative.
Ω
E1 E2
E
 
 ✠
f1 ❅
❅❘
f2
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣✲∃h
❅
❅❘g1
 
 ✠g2
(3.3)
Proof. The existene of h learly implies ondition (3.2). We show that it is suf-
ient, too. The subspae E1 ×E E2 of E1 × E2 dened in (2.1) is measurable
(lemma 2.2), hene a standard Borel spae with the relative topology of E1 × E2
(lemma 2.6). The indued map (f1, f2) : Ω → E1 ×E E2, ω 7→ (f1(ω), f2(ω)) is
measurable (lemma 2.3.ii). We laim that it is suient to onstrut a measurable
map h˜ : E1 → E1 ×E E2 with h˜ ◦ f1 = (f1, f2). Indeed, in this ase h = prE2 ◦ h˜
solves our problem, where prE2 : E1 ×E E2 → E2 denotes the natural measurable
projetion.
Ω
E1 E1 ×E E2 E2
❄
f1
◗
◗
◗
◗s(f1,f2)
PPPPPPPPPPPq
f2
♣ ♣ ♣ ♣ ♣ ♣ ♣✲
h˜
✲
prE2
(3.4)
So, we an assume to be in the situation depited in diagram (3.4). Realling that
E1 ×E E2 is a standard Borel spae, version I of the Doob-Dynkin lemma (lemma
3.3) provides the existene of a measurable map h˜ suh that the left triangle in
diagram (3.4) ommutes if σ((f1, f2)) ⊆ σ(f1). The latter ondition is implied by
the assumed relation σ(f2) ⊆ σ(f1). This ompletes the proof. 
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Theorem 3.6 (Doob-Dynkin: version on ltrated Borel spaes). Let (Ω,G) be a
measurable spae and (E,F , {θt}t≥0), (E
′,F ′, {θ′t}t≥0) ltrated Borel spaes with
the indued ltrations F
(E)
resp. F
(E′)
. Moreover, assume that
F
(E)
t = θ˜t
−1
(B(Et)) and θ˜′t
−1
(B(E′t)) ⊆ F
(E′)
t , (3.5)
for any t ≥ 0, and that (E′,F ′, {θ′t}t≥0) is omplete.
Then for any given measurable maps f : Ω → E, f ′ : Ω → E′, the following
assertions are equivalent:
(i) g−1(F
(E′)
t ) ⊆ f
−1(F
(E)
t ), for eah t ≥ 0;
(ii) there exists a map h : E → E′ with h◦f = g suh that h−1(F
(E′)
t ) ⊆ F
(E)
t ,
for eah t ≥ 0.
Remark 3.7. The latter ondition of (ii) is equivalent to the measurability of h :
(E,F
(E)
t )→ (E
′,F
(E′)
t ), for eah t ≥ 0.
Proof. Sine it is lear that (ii) is suient for (i), we assume that ondition (i)
holds and perform the proof of (ii) in three steps. In the rst step we x t ≥ 0. By
assumption (3.5), the omposed maps ft : (Ω,G)
f
→ (E,F
(E)
t )
θ˜t→ (Et,B(Et)) and
gt : (Ω,G)
g
→ (E′,F
(E′)
t )
θ˜′t→ (E′t,B(E
′
t)) are measurable. Now we want to onstrut
a measurable map ht : (Et,B(Et)) → (E
′
t,B(E
′
t)) with ht ◦ ft = gt (f. diagram
3.7). Noting that E′t is a standard Borel spae, we need only to verify the ondition
g−1t (B(E
′
t)) ⊆ f
−1
t (B(Et)) , (3.6)
by version I of the Doob-Dynkin lemma (lemma 3.3). But this ondition is learly
implied by the assumptions (3.5) and (i).
(Ω,G)
(Et,B(Et)) (E
′
t,B(E
′
t))
❄
ft
◗
◗
◗
◗
◗◗s
gt
♣ ♣ ♣ ♣ ♣ ♣ ♣✲∃ht
(3.7)
In the seond step, we x s, t ≥ 0 with s < t. We assume that there exist
measurable maps represented by solid arrows in the following ommutative diagram.
(Ω,F) (Et,B(Et)) (Es,B(Es))
(E′t,B(E
′
t)) (E
′
s,B(E
′
s))
◗
◗
◗
◗
◗◗s
θ˜′t◦g
✲θ˜t◦f
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣❄
ht
✲θst
❄
hs
✲θ
′
st
We want to onstrut an arrow ht (represented by the dotted arrow) suh that the
resulting triangle and square beome ommutative. Again, ondition (3.6) holds,
suh that version II of the Doob-Dynkin lemma 3.4 provides us with a measurable
map ht : (Et,B(Et))→ (E
′
t,B(E
′
t)) with the desired properties.
In the third and last step, we build up a measurable map h : E → E′ with
the required properties using the rst two steps and the universal property of the
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inverse limit. Sine (E′,F ′, {θ′t}) is assumed to be omplete, E
′
and lim
←
E′t are Borel
isomorphi. The latter is naturally Borel isomorphi to lim
←
E′n (f. proof of lemma
2.7), suh that we an onsider the following diagram (3.8) with, at rst, solid
arrows only. Going from the right to the left in diagram (3.8), we nd ompleting
dotted arrows representing measurable maps to get a fully ommutative diagram
as follows.
Ω E En+1 En
lim
←
E′n E′n+1 E
′
n
✲f
❅
❅
❅
❅❘
g
✲θ˜n+1
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣❄
h
✲θn,n+1
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣❄
hn+1
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣❄
hn
✲θ˜
′
n+1 ✲θ
′
n,n+1
(3.8)
We build a sequene {hn}n≥1 of measurable maps hn : En → E
′
n with (a)n hn−1 ◦
θn−1,n = θ
′
n−1,n ◦ hn, for n ≥ 2, and (b)n hn ◦ θ˜n ◦ f = θ˜
′
n ◦ g, for n ≥ 1. To see
this, we apply the rst step of the proof to establish (b)1 and dene hn, n ≥ 1,
indutively with the seond step for (a)n and (b)n, n ≥ 2. Then by the universal
property of the inverse limit of {E′n}, the sequene {hn ◦ θ˜n : E → E
′
n}n≥1 indues
a unique measurable map h : E → lim
←
E′n ≃ E
′
with the desired properties. Thus,
the proof is ompleted. 
4. The fatorization theorem of Skorohod spaes
4.1. The Skorohod spae DE [0,∞). Let E be a separable omplete metri spae.
We denote the Skorohod spae of E by DE [0,∞) whih is dened as the set of all
maps x : [0,∞)→ E whih are ontinuous on the right and have limits on the left
(RCLL).
DE [0,∞) beomes a omplete separable metrizable spae suh that the Borel
algebra B(DE[0,∞)) is generated by all evaluating projetions πt : DE [0,∞) →
E, x 7→ x(t) (t ≥ 0) [EK86, Thm. 3.5.6, Prop. 3.7.1℄. This implies a useful
riterion of measurability.
Lemma 4.1. If (Ω,F) is a measurable spae, a map f : Ω→ DE [0,∞) is measur-
able i the omposition πt ◦ f : (Ω,F)→ (E,B(E)) is measurable, for any t ≥ 0.
For t ≥ 0, we onsider the map
θt : DE [0,∞)→ DE[0,∞), x 7→
(
x(. ∧ t) : s 7→ x(s ∧ t)
)
whih trunates a map x at t and extends it onstantly on [t,∞). It holds θt ◦ θs =
θs∧t (s, t ≥ 0). θt is measurable, applying lemma 4.1 and the fat that πs◦θt = πt∧s
is measurable, for all s, t ≥ 0. Then
(DE [0,∞),B(DE[0,∞)), {θt}t≥0)
is a ltrated Borel spae in the sense of setion 3. Let DE [0, t] denote the xpoint
set Fix(θt) of θt. DE [0, t] is a measurable subset of DE [0,∞) (lemma 2.1). We have
DE [0, t] = {x ∈ DE [0,∞)|x(s) = x(s ∧ t), ∀s ≥ 0} .
A map x : [0,∞)→ E is ontained in DE [0, t] i x is RCLL and onstant on [t,∞).
In other words, we an naturally identify DE[0, t] with RCLL funtions x on [0, t]
with values in E.
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As dened in setion 3, the family {θt} indues a ltration F
(E) = {F
(E)
t } on
DE[0,∞) with F
(E)
t = σ(B(DE[0, t])).
Lemma 4.2. Let E be a omplete measurable spae. Then it holds, for any t ≥ 0,
B(DE[0, t]) = σ({πs|DE [0,t]|s ≤ t}) (4.1)
and
F
(E)
t = θ˜t
−1
(B(DE[0, t])) = σ({πs| s ≤ t}) . (4.2)
In partiular, the map
θ˜t : (DE [0,∞),F
(E)
t )→ (DE [0, t],B(DE[0, t])) (4.3)
is measurable.
Proof. Sine (4.2) follows from (4.1), by lemma 4.1, and (4.3) from (4.2), we are
redued to show (4.1) whih follows from the fat that {πt| t ≥ 0} generates
B(DE[0,∞)) and π
−1
s (B) ∩DE [0, t] = π
−1
t (B) ∩DE [0, t] for s ≥ t, B ⊆ E. 
4.2. On stohasti proesses with RCLL trajetories. The ltrated measur-
able spae
(DE [0,∞),B(DE[0,∞)),F
(E))
features universal properties whih we approah in the remaining parts of this
setion.
First, we x some notation. Let (Ω,F) be a measurable spae and E a metri
spae. Given any stohasti proess ξ : [0,∞)× Ω→ E with RCLL trajetories in
E, we dene the assoiated map
ξ˜ : Ω→ DE[0,∞) , ω 7→ ξ(., ω) .
In the sequel, we will use the representations ξ, ξ˜ and {ξt}t≥0 for a stohasti
proess interhangeably and analyze their ommon properties.
Proposition 4.3 (Generating property of F
(E)
). Let E be a omplete separable
metri spae, (Ω,F) a measurable spae and ξ : [0,∞) × Ω → E a stohasti
proess with RCLL trajetories. Then
Fξt = ξ˜
−1(F
(E)
t ) (t ≥ 0) . (4.4)
Proof. Due to ξs = πs ◦ ξ˜, it holds ξ
−1
s (B) = ξ˜
−1(π−1s (B)) for any subset B ⊂ E,
s ≥ 0. By (4.1), the generating system {ξ−1s (B)| s ≤ t, B ∈ B(E)} of F
ξ
t generates
ξ˜−1(F
(E)
t ), too, whih implies the laim. 
Lemma 4.4. Let T > 0, (Ω,F) be a measurable spae and E be a omplete separable
metri spae. For any stohasti proess ξ : [0, T ]×Ω→ E with RCLL trajetories,
the following assertions are equivalent:
(i) ξ˜ is F/B(DE[0, T ])measurable;
(ii) ξt is F/B(E)measurable, for eah t ∈ [0, T ];
(iii) ξ is B[0, T ]⊗F/B(E)measurable.
Proof. The two fats that we have ξt = πt◦ ξ˜ and that the Borel algebra of DE [0, T ]
is generated by {πt|DE [0,T ]| t ∈ [0, T ]} (lemma 4.2) imply the equivalene of (i) and
(ii). The assumption that ξ has right ontinuous trajetories yields the impliation
from (ii) to (iii), by [KS97, Prop. 1.13℄. Note that the referene provides the proof
for this standard result if E = Rn. The argument given therein an be immediately
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generalized to any omplete metri spae E as it is. The reverse impliation is
trivial. So, we have shown the equivalene of all stated onditions. 
Lemma 4.5. Let (Ω,F , {Ft}t≥0) be a ltrated measurable spae, E a omplete
separable metri spae and ξ : [0,∞) × Ω → E a stohasti proess with RCLL
trajetories. Then the following assertions are equivalent:
(i) ξ is {Ft}t≥0progressively measurable;
(ii) for any t ≥ 0, [0, t] × Ω → E, (s, ω) 7→ ξ(s, ω) is B([0, t]) ⊗ Ft/B(E)
measurable;
(iii) for any t ≥ 0, Ω→ DE[0, t], ω 7→ ξ(., ω)|[0, t] is Ft/B(DE[0, t])measurable;
(iv) for any t ≥ 0, Ω→ DE [0,∞), ω 7→ ξ(., ω)|[0, t] is Ft/F
(E)
t measurable.
Remark 4.6. Note that the set-theoreti maps in (iii) and (iv) oinide with θ˜t ◦ ξ˜
and θt ◦ ξ˜, respetively.
Proof. The stated equivalene follows from lemma 4.4 and the fat that the mea-
surable map ξ˜ : Ω → DE [0,∞) having values in DE [0, t] fatorizes through the
Ft/F
(E)
t measurable inlusion it : DE [0, t] →֒ DE[0,∞) (f. lemma 2.3). 
Proposition 4.7. Let (Ω,F) be a measurable spae and E a omplete separable
metri spae. Then
Ω∗E
def.
= DE [0,∞) and E
∗ def.= [0,∞)×DE[0,∞) .
are omplete separable metri spaes and the stohasti proess
ξ∗ : [0,∞)× Ω∗E → E
∗ , (t, x) 7→ (t, θt(x))
has RCLL trajetories. It holds, for any t ≥ 0,
ξ˜∗
−1
(F
(E∗)
t ) = F
(E)
t . (4.5)
Remark 4.8. Note that [0,∞) is equipped with the family θt(s) = s ∧ t (s, t ≥ 0)
to establish a ltrated Borel spae struture on the produt spae E∗.
Proof. Sine DE[0,∞) is a omplete separable metri spae, so are Ω
∗
E and E
∗
. Let
denote d∗ a omplete metri on Ω∗E = DE[0,∞) (f. [EK86, Chap. 3.5℄ for details
on d∗). Now, we show that ξ∗ has RCLL trajetories in E∗. For this purpose,
it sues to prove that t 7→ θt(x) is right-ontinuous and has left limits, for any
xed x ∈ DE [0,∞). By right-ontinuity of x, θtnx onverges uniformly to θt(x), as
tn ↓ t, whih implies that θtn(x) onverges to θt(x) under the metri d
∗
. Similarly,
it an be shown that θtnx onverges uniformly to x
(t) = x 1[0,t) + x(t−) 1[t,∞) with
x(t−) = lim
s↑t
x(s) in DE [0,∞), as tn ↑ t, hene θtnx → θtx under d
∗
. This implies
that t 7→ θtx is RCLL. Next, we prove relation (4.5). By prop. 4.3, we have
ξ˜∗
−1
(F
(E∗)
t ) = F
ξ∗
t , suh that we are redued to show
Fξ
∗
t = F
(E)
t ,
for all t ≥ 0. To see this, we present a ommon generating system of the two given
σalgebras by
{ξ∗s |s ≤ t} = {θs|s ≤ t}
lem.4.1
= {πs′ ◦ θs|s
′ ≤ s ≤ t} = {πs|s ≤ t} ,
where we used ξ∗s (x) = (s, θs(x)) and πs′ ◦ θs = πs′ , for s
′ ≤ s. This ompletes the
proof. 
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4.3. The fatorization theorem. After the preparation work, we are ready to
prove the main result of this paper.
Theorem 4.9. Let (Ω,F) be a measurable spae, E a omplete separable metri
spae. Dene the standard Borel spae Ω∗E = DE [0,∞). Then the ltrated measur-
able spae
(Ω∗E ,B(Ω
∗
E), {F
(E)
t }t≥0)
is universal in the following sense:
Let ξ : [0,∞) × Ω → E be a stohasti proess with RCLL trajetories induing
the ltration {Fξt }t≥0 on (Ω,F) and the map ξ˜ : Ω→ Ω
∗
E. Then for any separable
metri spae E′ and any {Fξt }t≥0progressively measurable stohasti proess X :
[0,∞) × Ω → E′ with RCLL trajetories, there exists an {F
(E)
t }t≥0progressively
measurable stohasti proess X∗ : [0,∞)× Ω∗E → E
′
with RCLL trajetories suh
that the following diagram
[0,∞)× Ω
[0,∞)× Ω∗E E
′
❍❍❍❍❍❍❥
X
❄
id[0,∞)×ξ˜
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣✲∃X
∗
(4.6)
is ommutative, i.e. it holds, for (t, ω) ∈ [0,∞)× Ω,
X(t, ω) = X∗(t, ξ˜(ω)) = X∗(t, ξ(., ω)) .
Remark 4.10. Note that thm. 4.9 does not laim that X∗ in diagram (4.6) is
uniquely determined. But the theorem guarantees that the Skorohod spae Ω∗E =
DE[0,∞) provides enough information about any stohasti proess with values in
E suh that any proess X with values in any other separable metri spae E′ an
be extended from Ω to Ω∗E .
Proof. To start with, we note that we an assume E′ to be omplete, without loss
of generality, by taking the ompletion of E′ if neessary. We will apply the version
of the Doob-Dynkin lemma for ltrated Borel spaes (prop. 3.6). By prop. 4.7,
ξ∗ has RCLL trajetories and indues the well-dened map ξ˜∗ : Ω∗E → DE∗ [0,∞).
Dene ξ# = ξ˜∗ ◦ ξ˜ : Ω → Ω∗E → DE∗ [0,∞). We onsider the following diagram
(4.7) with, at rst, solid arrows only.
Ω
DE∗ [0,∞) DE′ [0,∞)
◗
◗
◗
◗
◗◗s
X˜
❄
ξ#
♣ ♣ ♣ ♣ ♣ ♣ ♣✲Y
(4.7)
By assumption and lemma 4.5, it holds
X˜−1(F
(E′)
t ) ⊆ F
ξ
t
and
ξ#
−1
(F
(E∗)
t ) = ξ˜
−1(ξ˜∗
−1
(F
(E∗)
t ))
(4.5)
= ξ˜−1(F
(E)
t )
(4.4)
= Fξt ,
for all t ≥ 0, implying the Doob-Dynkin ondition
X˜−1(F
(E′)
t ) ⊆ ξ
#−1(F
(E∗)
t ) ,
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for any t ≥ 0. Sine the additional ondition (3.5) of thm. 3.6 is given by lemma
4.2, we have veried all assumptions of thm. 3.6 suh that there exists a map
Y : DE∗ [0,∞)→ DE′ [0,∞) with Y ◦ ξ
# = X and
Y −1(F
(E′)
t ) ⊆ F
(E∗)
t , (4.8)
for all t ≥ 0. Then
X∗ : [0,∞)× Ω∗E → E
′ , (t, x) 7→ (Y ◦ ξ˜)(x)(t)
denes a stohasti proess with X(t, ω) = X∗(t, ξ˜(ω)) whih is F
(E)
t progressively
measurable, by lemma 4.5, (4.5) and (4.8). This ompletes the proof of the theorem.

We want to larify the importane of thm. 4.9 in terms of universal mappings.
Denition 4.11. Let (Ω,F , {Ft}) be a ltrated measurable spae and E
′
a metri
spae. Then
D(Ω, {Ft};E
′)
denotes the set of all {Ft}progressivelymeasurable stohasti proessesX : [0,∞)×
Ω→ E′ with RCLL trajetories.
Remark 4.12. Note that a stohasti proess X [0,∞)×Ω→ E′ with RCLL traje-
tories is in D(Ω, {Ft};E
′) i X is {Ft}-adapted, by [KS97, Prop. 1.1.13℄.
Corollary 4.13. In the situation of thm. 4.9, the map{
D(Ω∗E , {F
(E)
t };E
′) −→ D(Ω, {Fξt };E
′)
X∗ 7−→ X∗ ◦ (id[0,∞) × ξ˜)
indued by the universal stohasti proess
id[0,∞) × ξ˜ : [0,∞)× Ω→ [0,∞)×DE [0,∞)
with RCLL trajetories assoiated with ξ is a surjetion.
Proposition 4.14. Let M [0,∞) resp. BV [0,∞) denote the set of funtions in
DR[0,∞) whih are non-dereasing resp. of bounded variation. Then M [0,∞) and
BV [0,∞) are measurable in DR[0,∞). Moreover, under the ltration struture
{θ
(E)
t }t≥0 inherited from DR[0,∞), M [0,∞) and BV [0,∞) beome omplete l-
trated Borel spaes.
Proof. Firstly, we proof that M [0,∞) is measurable in DR[0,∞). Dene I =
{(s, t) ∈ R≥0| s < t}. The set
A(s, t) = {x ∈ DE [0,∞)|x(s) ≤ x(t)} ((s, t) ∈ I)
is measurable. Indeed, note that the set B = {(a, b) ∈ R2| a ≤ b} is a measurable
subset of R
2
, the produt map πs × πt : DR[0,∞)
2 → R2 resp. the diagonal map
∆ : DR[0,∞)→ DR[0,∞)
2
, x 7→ (x, x) are measurable and it holds
A(s, t) = ((πs × πt) ◦∆)
−1(B) .
We have
M [0,∞) =
⋂
(s,t)∈I
A(s, t) =
⋂
(p,q)∈I∩Q2
A(p, q) ,
where the seond equality is implied by the right ontinuity of any funtion x
in DR[0,∞), suh that we an represent M [0,∞) as a ountable intersetion of
measurable sets, hene M [0,∞) is measurable in DR[0,∞).
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Seondly, we show the measurability assertion on BV [0,∞). Dene M [0,∞)0 to
be the set of funtions x ∈ M [0,∞) with x(0) = 0. M [0,∞)0 is measurable, sine
M [0,∞)0 = M [0,∞) ∩ π
−1
0 ({0}), hene a standard Borel spae, by the rst step
and lemma 2.6. Now, we apply the well known fat that any funtion x ∈ BV [0,∞)
an be uniquely deomposed in x = a+ x1 − x2 with x1, x2 ∈M [0,∞)0, a ∈ R, i.e.
Φ : M [0,∞)20 × R→ BV [0,∞) , (x1, x2, a) 7→ a+ x1 − x2
is a bijetion (see, e.g., [MS04, Satz 14.4℄). Φ is a measurable map onsidered as
a map to DR[0,∞), by lemma 4.1. By [Par67, Thm. I.3.9℄, the image of Φ is
measurable in DR[0,∞).
As θ
(E)
t leaves both M [0,∞) and BV [0,∞) invariant, the additional laim on
the ompleteness as standard Borel spaes is easily veried, sine, for any funtion
x, the dening properties ofM [0,∞) and BV [0,∞) an be heked on the ompat
intervals [0, t], t ≥ 0. 
Lemma 4.15. Let E be a omplete separable metri spae. Then the spae CE [0,∞)
of ontinuous maps x : [0,∞) → E with the metri of uniform onvergene is a
losed subspae of DE [0,∞) with the relative topology. Moreover, together with the
ltration struture {θ
(E)
t }t≥0 inherited from DE [0,∞), CE [0,∞) beomes a om-
plete ltrated Borel spae.
Proof. [Par67, Lemma VII.6.8℄. 
Corollary 4.16. Suppose that the situation of thm. 4.9 holds and let E be a
omplete separable metri spae. Then, if the trajetories of X belong to M [0,∞),
BV [0,∞) and CE [0,∞), resp., the trajetories of X
∗
an be assumed to have the
same property.
The proof follows immediately with thm. 4.9, prop. 4.14 and lemma 4.15. 
5. An appliation of the fatorization theorem
We want to show an appliation of thm. 4.9 resp. or. 4.16 providing the om-
fortable situation to assume that the underlying probability spae is a standard
Borel spae. This justies the tehnial work we have gone through in the previous
setions.
Lemma 5.1. Let ξ : Ω→ Ω′ be a measurable map from the measure spae (Ω,F , P )
to the measurable spae (Ω′,F ′) and G′ a subσalgebra of F ′. Dene G = ξ−1(G′).
If f : Ω′ → R is an F ′/B(R)measurable map, then it holds
E
ξ∗P [f |G′] ◦ ξ = EP [f ◦ ξ|G] P |Ga.s. (5.1)
Proof. Cheking that E
ξ∗P [f |G′] ◦ ξ satises the dening Radon-Nikodým equation
of the onditional expetation of E
P [f ◦ ξ|G] gives the proof. 
As an example to show how the fatorization theorem 4.9 works as a redution
tool, we onsider a situation appearing in stohasti ontrol problems.
Theorem 5.2. Let (Ω,F , P ) be a measure spae, ξ : [0,∞)× Ω → E a stohasti
proess with RCLL trajetories in a omplete separable metri spae E and X :
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[0,∞)× Ω → R an {Fξt }progressively measurable proess with RCLL trajetories
of bounded variation. For the initial value problem
(S)
{
dYt = e
−αtdXt ; t ∈ [t0,∞)
Yt0 = Z
with an Fξt0measurable random variable Z : Ω → R and a onstant α > 0, denote
the (pathwise uniquely determined) solution by Y
(Z)
t . Then for t ≥ t0 and any
bounded measurable map f : R→ R, it holds
E
P [f ◦ Y
(Z)
t | F
ξ
t0
] = EP [f ◦ Y
(z)
t | F
ξ
t0
]
∣∣
z=Z
. (5.2)
Remark 5.3. The solution of (S) an be represented as a pathwise Lebesgue-Stieltjes
integral. Then the stohasti proess Y
(Z)
t : [0,∞)× Ω→ R is {F
ξ
t }progressively
measurable; this is beause it has right ontinuous trajetories and is {Fξt }-adapted,
suh that the laim follows with remark 4.12. In partiular, the onditional expe-
tations in (5.2) are well-dened.
Proof. In the rst step of the proof, we show that we an onne ourselves to the
ase that Ω an be assumed to be a standard Borel spae. To see this, we apply
the basi version of the Doob-Dynkin lemma (lemma 3.3) and or. 4.16 to extend
Z and X to the standard Borel spae Ω∗E , i.e. there are an F
(E)
t0
measurable
random variable Z∗ : Ω∗E → R and an {F
(E)
t }progressively measurable proess
X∗ : [0,∞)× Ω∗E → R with RCLL trajetories of bounded variation suh that
Z = Z∗ ◦ ξ˜ and Xt = X
∗
t ◦ ξ˜ ,
for all t ≥ 0. The indued initial value problem
(S∗)
{
dY ∗t = e
−αtdX∗t ; t ∈ [t0,∞)
Y ∗t0 = Z
∗
has a (pathwise unique) solution whih is denoted by Y
∗(Z∗)
t . The pathwise unique-
ness of the solutions of (S) implies, for any t ≥ 0,
Y
(Z)
t = Y
∗(Z∗)
t ◦ ξ˜ .
Thus, we get
E
P [f(Y
(Z)
t |F
ξ
t0
] = EP [f ◦ Y
∗(Z∗)
t ◦ ξ˜|ξ˜
−1(F
(E)
t0
)]
(5.1)
= Eξ˜∗P [f ◦ Y
∗(Z∗)
t |F
(E)
t0
] ◦ ξ˜
and
E
P [f(Y
(z)
t |F
ξ
t0
] = EP [f ◦ Y
∗(z)
t ◦ ξ˜|ξ˜
−1(F
(E)
t0
)]
(5.1)
= Eξ˜∗P [f ◦ Y
∗(z)
t |F
(E)
t0
] ◦ ξ˜ ,
suh that, for proving (5.2), it sues to show
E
ξ˜∗P [f ◦ Y
∗(Z∗)
t |F
(E)
t0
] = Eξ˜∗P [f ◦ Y
∗(z)
t |F
(E)
t0
]
∣∣
z=Z∗
.
To begin with the seond step, we note that the result of the rst step allows
us to assume Ω to be a standard Borel spae, without loss of generality. Now,
we apply the fat that, on standard Borel spaes, regular onditional probabilities
with respet to any subσalgebra exist (f. [KS97, Chap. 5.3.C℄ and the referenes
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therein, or [LFR04, Thm. 3.1℄, in terms of Radon spaes). Set G = Fξt0 . Denote
by P (·|G) the regular onditional probability on (Ω,F) given G. We prove (5.2)
by evaluating the equation pointwise at an arbitrary argument ω0 ∈ Ω. By [KS97,
Thm. 5.3.18℄, Z is onstant almost surely under the measure P (·|G)(ω0); more
preisely we have
Z(ω) = Z(ω0) P (·|G)(ω0)almost all ω ∈ Ω.
This yields, for any ω0 ∈ Ω,
EP [f ◦ Y
(Z)
t |G](ω0) = E
P (·|G)(ω0)[f ◦ Y
(Z)
t ]
= EP (·|G)(ω0)[f ◦ Y
(Z(ω0))
t ]
= EP (·|G)(ω0)[f ◦ Y
(z)
t ]
∣∣
z=Z(ω0)
= EP [f ◦ Y
(z)
t |G]
∣∣
z=Z(ω0)
(ω0) .
This ompletes the proof of (5.2). 
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